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Abstract 

We study BPS solitons in N = 6 U(N) x U(N) Chem-Simons-matter theory deformed 
by an F-term mass. The F-term mass generically breaks N = 6 supersymmetry down to 
M = 2. At vacua, M2-branes are polarized into a fuzzy S 5 forming a spherical M5-brane 
with topology R 1,2 x S s . The polarization is interpreted as Myers' dielectric effect caused 
by an anti-self-dual 4-form flux T4 in the eleven-dimensional supergravity. Assuming a 
polarized M2-brane configuration, the model effectively reduces to the well-known abelian 
Chern-Simons-Higgs model studied in detail by Jackiw-Lee- Weinberg. We find that the 
potential for the fuzzy S 3 radius agrees with the one calculated from the M5-brane point 
of view at large N. This effective model admits not only BPS topological vortex and 
domain wall solutions but also non-top ological solitons that keep 1/4 of the manifest 
N = 2 supersymmetry. We also comment on the reduction of our configuration to ten 
dimensions. 
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1 Introduction 



No one doubts that understanding various aspects of low-energy effective theory of M2-branes 
enables us to uncover mysterious properties of M-theory and non-perturbative physics of string 
theories. Recently, Bagger, Lambert and Gustavsson proposed a three-dimensional M = 8 
superconformal Chern-Simons model based a novel 3-algebra (BLG model) [HE]- This model 
has been expected to describe the low energy effective theory of two coincident M2-branes in 
eleven dimensions. However, it seemed difficult to generalize their model to the case of arbitrary 
number of M2-branes. 

Meanwhile, Aharony-Bergman-Jafferis-Maldacena proposed a three-dimensional Af = 6 
U (N) x U (N) Chern-Simons-matter theory with level (k, —k) (ABJM model) which may be 
regarded as the low-energy effective theory of N coincident M2-branes probing C 4 /Zfc orbifold 
[3]. The model consists of gauge fields A^A^, four complex scalars Z a ,Wa (A = 1,2) in the 
(anti) bi-fundamental representation of the gauge group, and their superpartners. The model 
is believed to be a dual description of M-theory on AdS^ x S 7 /Z k . 

After the proposal by Aharony-Bergman-Jafferis-Maldacena, a lot of works on the effective 
theory of interacting multiple membranes have been studied. Among them, classical solutions in 
the three-dimensional M2-brane world-volume theory attracted much attention since these so- 
lutions can be interpreted as various configurations of branes existing in the eleven- dimensional 
M-theory. In [I], a BPS fuzzy funnel configuration that represents an M5-brane intersecting 
with multiple M2-branes was founcfj]. A domain wall solution that interpolates between fuzzy 
S 3 and trivial vacua was found [6] in the mass deformed ABJM model that has maximal su- 
persymmetry. These solutions preserve half of M = 6 supersymmetry. On the other hand, 
time evolutions of fuzzy S 3 and M5/anti-M5 configurations that are generically non-BPS were 
investigated in [7]. These results provide some evidence that the ABJM model gives a correct 
description of the dynamics of multiple membranes. 

On the other hand, in [8] , AdS^ x S 7 dual theory of M2-branes with reduced supersymmetry 
was investigated following the prescription studied by Polchinski-Strassler j9]. The author 
of [8] proposed a mass deformation of multiple membrane theory with M = 2 world-volume 
supersymmetry and studied a probe M5-brane in the presence of anti-self-dual 4-form flux T 4 in 
the eleven-dimensional supergravity. The vacua are spherical M5-branes with topology R 1,2 x S 3 
sharing three dimensions with M2-branes. He conjectured that there exists BPS domain walls 
that interpolate between various vacua in the model. However, the correct description of the 
mass deformed multiple M2-brane theory was not known at that time. 

In this paper, we study the ABJM model deformed by an F-term mass which was first 
introduced in [TU] . The F-term mass generically breaks M = 6 supersymmetry down to M = 2 
preserving SU(2) diag global symmetry of SU(2) x SU (2) and the resulting model is identified 
with the model studied in [8]. We find that a vacuum configuration of the model is a fuzzy S 3 . 
We see that the radius of the sphere derived here coincides with the one obtained in [8] at large- 
./V identifying our vacuum as a spherical M5-brane with topology R 1,2 x S 3 . From the viewpoint 
of the M2-brane world-volume theory, this is nothing but Myers' dielectric effect [TT] caused by 
eleven- dimensional supergravity flux T 4 ~ m. We also see that reducible configurations found 
in [10] are identified with a set of fuzzy S 3 shells. 

1 A similar analysis in the BLG model has been performed in [5]. 
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In the latter half of this paper, we study various classes of BPS configurations with po- 
larized M2-brane geometry in the mass deformed ABJM model. Assuming a polarized M2- 
brane configuration, we find that the Hamiltonian effectively reduces to that of the well-known 
abelian Chern-Simons-Higgs system with sixth-power potential studied in detail by Jackiw- 
Lee- Weinberg |12j . It has been known that this model exhibits an M = 2 supersymmetry in 
three dimensions [13] and admits BPS topological vortices and domain walls. In addition, there 
exists non-topological soliton solutions [H] and a BPS supertube solution [15]. We find that 
the potential for the S 3 radius in the effective Hamiltonian has the same structure as found in 
[8]. Since the configurations corresponding to the BPS solutions can exist only in the case of 
non-zero m, these solutions are supported against collapse by the non-zero background flux T 4 
realizing a generalization of the Myers effect. 

The organization of this paper is as follows. In section 2, we introduce the ABJM model 
deformed by the F-term mass. Equations of motion and M = 2 on-shell supersymmetry trans- 
formations are derived. In section 3, we study the vacuum structure of the model. We compare 
the radius of the fuzzy S 3 with the one found in [S] at large-iV finding agreement between 
them. In section 4, assuming an ansatz, we derive the effective Hamiltonian that reduces to 
the abelian Chern-Simons-Higgs model studied in [T2l IT6] . The non-abelian property of fields 
is totally encoded into the "BPS matrices" first constructed in [10] . We then perform the Bo- 
gomol'nyi completion in the effective Hamiltonian combining the kinetic and potential terms 
and derive the BPS equations. The consistency between these BPS equations and the full 
equations of motion, as well as the number of preserved supersymmetries are discussed. In 
section 5, parts of the exact and numerical results of the BPS solutions are discussed. Possible 
interpretations of these solutions in terms of eleven-dimensional M-theory are briefly discussed 
in this section. Section 6 is devoted to conclusions and discussions. In appendix A, the explicit 
form of the BPS matrices is presented. The M = 2 superfield formulation of the ABJM model 
can be found in appendix B. The effective Lagrangian including fermion parts on the polarized 
M2-branes can be found in appendix C. 



2 The ABJM model 

The ABJM model [3] is a (2+l)-dimensional Af = 6 superconformal Chern-Simons-Higgs model 
of level (k, —k) with U(N) x U(N) gauge symmetry. The model is expected to describe the 
low energy world- volume theory of N coincident M2-branes probing C 4 /Zfc. We employ the 
notation and convention of [T7] but with a different normalization of the U(N) gauge generators 
T a such that Tr[T a T b ] = \5 ab . The bosonic part of the massless ABJM action is 



S = S 



kin 



•S'cs + S, 



pot; 



where each term is given by 



5, 



kin 



d 3 x Tr [-(D, t Z A )(D^Z A y - (^^jTO 1 ] 



AAA + jA^a u a x - A^d u A x - jA^A u A x 



(2) 
(3) 
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5, 



pot 



drx Tr 



W iC W, 



c 



{Z A Z\ + W ]A W A )(Z B Z B - w ]B w B )(z c zl 

+{z\z A + W A W ]A )(Z B Z B - W B W ]B )(Z ] C Z C - W C W^ C ) 
-2Z A {Z B Z B - W ]B W B )Z A (Zl;Z c - W C W^ C ) 

-2W ]A (Z B Z B - W B W^ B )W A (Z C Z ] C - W ]C W C) 



16tt 2 



d x Tr 



w^ A z B w ]C w A z B w c - w^ A z B w^ c w c z B w A 

+z\w ]B z ] r z A w B z c - Z\W ]B Z ] c Z c WnZ A 



(4) 



Here A^, are U(N) x U(N) gauge fields, Z A , W^ A (A = 1, 2) are complex scalar fields in 
the U(N) x U (N) bi-fundamental (N, N) representation. The world-volume metric is r]^ iu = 
diag(— 1, 1, 1). The gauge covariant derivative is 



D,Z J 



d^Z A + iA^Z' 



iZ A A 



The gauge field strength is defined as 



flU 



d„A v 



d u A^ + i[A^, A h 



(5) 



(6) 



and similarly for A^. The common £/(l) charge is fixed to +1. The model exhibits a manifest 
SU{2) x SU(2) x U(1)r global symmetry. Under the each S77(2)s, Z A ,W A transform inde- 
pendently in the fundamental representation. Apart from this manifest symmetry, there is an 
SU(2)r symmetry under which the fields Z 1 , W^ 1 (and Z 2 , W^ 2 ) transform as a doublet. It was 
discussed in [3] that the SU(2) x SU{2) global symmetry is combined with the SU{2)r and en- 
hanced to SU(&)r ~ SO(6)r. Therefore, for k > 2, the model has Af = 6 supersymmetry. We 
consider a trivial embedding of the world-volume in the space-time. Namely, the world-volume 
coordinates (x ,^ 1 ,^ 2 ) are identified with the space-time coordinates (X°, X 1 , X 2 ). The four 
complex scalars Z A , W^ A represent the transverse displacement of the M2-branes along eight di- 
rections X 1 (I = 3, • • ■ , 10). The orbifolding symmetry Z k act as (Z A , W ]A ) — > e^(Z A , W ]A ). 
The M = 2 superfield formalism of the model can be found in Appendix B. 

The Gauss' law constraint comes from the equation of motion for the gauge fields, 



k 
k 



Air 



ft]' 



Z A (D p Z A y - (D P Z A )Z A ~\ + i[W ]A {D p W A ) - (D p W A y\V A ] , 
(D p Z A yZ A - Z A (D P Z A )] + i [(D p W A )W ]A - W A (D p W A y] . 



(7) 



The Noether current and charge corresponding to the following U(l) gauge transformation 
(which we call baryonic U(l)) 



[Z A ,W^ A ) — >e ia {Z A ,W^ A ) 



are derived as 



X" 



-iTi 



Z A D p Z\ 



Z\D p Z A - W A D P W^ A + W^ A D P W A 



d 2 x Tr 



Z A D Z A - Z\D Z A - W A D W^ A + W^ A D W A 



(9) 

(10) 
(11) 
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Let us consider massive deformations of the model. There are two kinds of massive defor- 
mations: F- and D-term deformations [f offi Here we focus on the F-term mass deformation. 
The superpotential is given by 

W = W + 5W, (12) 

where 

W = \ ^fj e Ac e BD Tr [Z A W B Z C W D ] , (13) 

is the original superpotential in the massless ABJM model [T7j and[§ 

8W = mTr [Z A W A ] , m G R, (14) 

is a mass term which breaks the SU (2) x SU (2) global symmetry down to S , f/(2)di ag and keeps 
manifest the M = 2 supersymmetry. This is different from the D-term mass deformation which 
keeps the manifest SU(2) x SU(2) x U(1) B x Z 2 symmetry and preserves M = 6 maximal 
supersymmetry [10]. Here the Z 2 transformation swaps Z A and W^ A . It is easy to derive the 
equation of motion for the scalar fields. The full equation of motion for Z A is 



D^Z A = (^jjpj [(Z B Z B - W^ B W B ) 2 Z A 



+ {z c z j c - W ]C W C ){Z B Z B + W ]B W B )Z A + {z c zl + W ]C W C ){Z B Z B - W ]B W B )Z A 
+ Z A {Z B Z B - W B W^ B f + Z A {Z B Z B - W B W^ B ){Z ] C Z C + HW tc ) 
+ Z A (Z B Z B + W B W^ B )(Z f c Z c - w c w^ c ) 

- 2(Z B Z B - W^ B W B )Z A (Z f c Z c - W C W^ C ) - 2Z B (Z ] C Z C - W C W ]C )Z B Z A 

- 2Z A Z ] C (Z B Z B - W ]B W B )Z C - 2Z A W B (Z C Z ] C - W^ C W C )W ]B 

- 2W ]C {Z B Z B - W B W ]B )W C Z A 

- AW ]C W B Z A W C W ]B + 4W ]C W C Z A W B W ]B - AW ]B Z ] C Z A W B Z C 
-AZ C W B Z A Z ] C W ]B + AW ]B Z ] C Z C W B Z A + AZ A W B Z C ' Z ] C W ]B 

e Ac e BD (w^ B W c W^ D + Z B Z ] C W ]D + W^Z^Z + Z B W c Z D ^j . (15) 



a Airm 

+ m 2 Z A — 

k 



The equation of motion for W^ A is obtained by replacing Z A with W^ A in the above expression. 

For later convenience, we derive the Hamiltonian of the model. The Chern-Simons part 
gives a vanishing contribution because it is a topological quantity. However, the gauge fields 
enter in the Hamiltonian through the covariant derivative. The result is 



H = J d'x Tr [\D Z A \ 2 + \DiZ A \ 2 + \D W A \ 2 + | D,W A \ 2 + Scalar] 



(16) 



2 See also [TS] for massive deformations with reduced supersymmetries. 

3 Note that its "conjugate" part is given by SW = — mTr[VV Za\- The minus sign in front of m comes from 
the extra minus sign of the components in a "conjugated" superfield [17]. See Appendix B. 
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where the potential part is 

^scalar 



D 



v D + v F 

4tt 2 
-Tr 



Vv 



k 2 



64^ 



Z B Z B Z A - z A ziz B - W ]B W B Z A + Z A W B W tB 



J B 



+ 



w ]B w B w ]A - w ]A w B w ]B - z B ziw ]A + W ]A Z B Z B 



Tr 



km 

■71 



1 

— ( 

2 



'^W A + '-e AC e BD W B Z c W D 



^Z A - -e Ac e BD Z B W c Z D 
8tt 2 ° 



(17) 



(18) 



(19) 



As we mentioned, the model exhibits at least TV = 2 manifest supersymmetry. It can be 
shown that the model is invariant under the following (on-shell) M = 2 supersymmetry, 

(20) 
(21) 
(22) 
(23) 

(24) 
(25) 

where ( A , uja are fermionic partners, and F A , Ga, cr a , a a , x> X are auxiliary fields whose equa- 
tions of motion are given in f lll2l) -( |TT6l) in appendix B. The supersymmetric transformation is 
achieved by the operator 5 = eQ + eQ where Q a is a supercharge and e is a two component 
complex spinor. 



5Z A = 


V2e( A , 




5W A = 


-- V2eaj A , 




5( A = 


V2eF A + iV2e 


(-Z A a + aZ A ) + V2tYeD^Z A , 


5u A = 


V2eG A + iV2e 


(-W A a + aW A ) + y/li-feD^WA 


SA li = 






5A^ = 







3 Vacua as dielectric M2-branes 

In this section, we discuss the physical meaning of our F-term deformation and investigate the 
vacuum structure of the model. For the massless ABJM model, there is a dual description as 
M-theory on AdS± x S 7 at large- iV @. We can perturb the AdSi x S 7 side by turning on a 
non-trivial supergravity flux which causes additional terms on the dual M2-brane side. Indeed, 
in [5], Bena considered a mass perturbation of the theory of iV coincident M2-branes. Its 
fermionic part is given by 

4 

SC = Re{mJ2 A2 i)- (26) 
i=i 

Here Aj are complexified Majorana fermions living on the M2-branes. The mass term keeps 
at least M = 2 supersymmetry of the M = 8 maximal supersymmetry. The mass terms for 

4 We here focus on the k = 1 sector where the orbifolding by becomes trivial. However, we expect that 
the results in this section hold even for the k > 1 case. 
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the scalar fields break S0(8)r symmetry down to 50(4) R . We will discuss this issue of global 
symmetry a little bit in detail later. The author of [8] conjectured that the deformed model is 
given by a superpotential of the form 



W ~ Z1Z2Z3Z4 + z] , (27) 

1=1 

where z a = x a+2 + ix a+6 , (a = 1, • • • , 4) are M = 2 chiral superfields whose lowest components 
are complex scalars representing fluctuations along transverse directions to the M2-brane world- 
volume. The non-zero mass parameter on the M2-brane side was identified with non-trivial 
ant i- self- dual constant 4-form flux T4 on the supergravity side via AdS /CFT duality. The 4- 
form flux has a non-trivial value in the directions transverse to the M2-branes. The "(anti) 
self-dual" means that the flux satisfies 

_ mnoprp ,rp (OQ\ 

, , tijkl -Lmnop ^-Lijkli \ ") 

where eijki mnop is the eight-dimensional epsilon tensor and indices ■ ■ ■ run from 3 to 10. 

One may imagine that the M2-branes are polarized due to the background flux forming 
another higher dimensional brane in eleven-dimensions. The most natural candidate of this 
higher dimensional brane is an M5-brane. Indeed, the vacuum structure of this deformed 
model was studied through an examination of a probe M5-brane with iV-units of M2-brane 
charge in the AdS 4 x S 7 perturbed by the flux. For the case of four equal masses, which is 
our concern here, the supersymmetric vacuum is a configuration of an M5-brane with geometry 
R 1,2 x S 3 . Its R 1 2 directions are shared with the M2-branes while other three-dimensions are 
wrapped on an S 3 inside the S 7 . The radius r of the S 3 was derived by evaluating the M5-brane 
action via the Pasti-Sorokin-Tonin and Perry-Schwarz approaches [T9], [20] - Its "potential" term 
at large- N is [H] 

3T 

V{z) = jj{r 3 - ArmA/3) 2 , (29) 

where A = AnN/M^ and M\\ is the eleven-dimensional Planck mass. Here we have added the 
overall M5-brane tension T5, which was ignored in [8], and we have restricted ourselves to the 
3456 plane in the 3-7, 4-8, 5-9, 6-10 planes using 50(4) rotations [8]. From the result (1291) . we 
find a supersymmetric vacuum 

-• 2 - N w (30) 

Apart from the non-zero radius, there is also a trivial vacuum r = 0. Therefore there should 
exist a domain wall solution which interpolates between these vacua. It was conjectured that 
the tension of a domain wall is 

tdw ~ m 2 N 2 . (31) 

The above situation can be extended to the case that the N M2-branes are uniformly distributed 
on more than one 3-sphere, with M5-brane charges. The potential felt by a probe M5-brane 
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with M2-brane charges is still written by (129]) . but with a different radius r& and M2-brane 
charges n&. Its form is given by (once again restricting to the 3456 plane), 

^ = E - 4r ^/3) 2 , (32) 

b 

where Ab = Airn^/M^. Therefore the ground states form M2-brane 3-sphere shells with radius 
r& = 4mAb/3. 

With these results in mind, let us return to our model. The ABJM model deformed by the 
F-term mass is given by the superpotential (TT2l) . This is just the superpotential ([271) conjectured 
in [8]. Its fermionic part Re(2mTr[( A iJA\) is nothing but the equation (126]) via the identification 

C A = ^(A A + *A A+2 ), uj a = ±={K a -iA a ^). (33) 

The mass perturbation part (jT4"|) keeps S77(2) diag which is a subgroup of the expected R- 
symmetry group SO{4) R . However, we remind the fact that for the massless ABJM model, the 
global SU(2) x SU{2) symmetry does not commute with the SU(2)r, they combine giving an 
SU (4)# symmetry. This mechanism of symmetry enhancement would be true even for our case. 
Although it is not manifest here, the remaining SU(2)^ ag global symmetry would be combined 
with SU(2) R generating SU(2) diag x SU(2) R ~ 50(4)* 

The supersymmetric vacuum of our model can be obtained as follows [TU]. Assuming a 
configuration 

Z A = W^ A = f S A , f E C, (34) 

the condition Vjy — is automatically satisfied. Here S A are BPS matrices pU] presented in 
appendix A. The F-term condition 

9W - ( km l \fAftf-V 9W - ( km 1 \fAfS A -Q (35) 

a^-"^"2 l/o1 J /o ^-°' w;-"^"2 l/o1 ) foS -° (35) 

yields the following vacua 

A, = A^ = 0, |/ | 2 = 0, — , (36) 

where fo = is a trivial vacuum. At the vacuum corresponding to fo 7^ 0, the U(N) x U(N) 
gauge symmetry is broken to U(l) x U(l). One of these U(l)s is the "baryonic Z7(l)", eq. 
©, and the other one being an independent rotation of a degree of complexity freedom which 
decouples when the ansatz ( !34"1) is used. To see the physical meaning of fo 7^ solution, let us 
define the following combinations of the transverse fluctuation modes 

u ± = \( ZA± ( A = 2 )' ( 3? ) 

Due to the ansatz Z A = W^ A , only U A is non-zero. Therefore half of the eight transverse 
degrees of freedom X 1 (I = 3, • • • , 10) is now dropped and this configuration is nothing but a 
fuzzy S 3 with radius 



R 2 



NT 2 1 + + A1 T 2 y ' 2tt Ml x 
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Here T 2 is a tension of an M2-brane. We have used the relation that the p-brane tension 
in eleven- dimensions is given by T p = (27r) _p Mf 1 +1 . This result coincides with the equation 
( 1301) obtained from the dual M5-brane description. Therefore the vacuum configuration ( 1361) is 
interpreted as polarized M2-branes caused by the background flux T 4 with its VEV m. This is 
just an M-theory realization of Myers' dielectric effect [TT] . 

Because the model admits vacua f = 0, / ^ and in each sector they have different values 
of the superpotential, there is a domain wall solution that interpolates between them. Indeed, 
it is easy to find such a solution with vanishing gauge fields. The Bogomol'nyi completion of 



the energy density for the configuration Z A 
fields is 



Z (xi), Wa = Wa{x\) with vanishing gauge 



E 



dx l Tr 
dx 1 Tr 



d x Z A d x Z\ + d x W A d x W^ A + V D + V F 



d x Z A - mW^ A + % Ac e BD W^ B ZlW^ D 
k 



d,W^ A 



mZ A + ^e AB e CD Z c W B Z D 
k 



+ V, 



D 



+ T, 



(39) 



where the surface term is 
T = 



h 1 ^ 



2ir 

-mZ A W A - —e Ac e BD Z A W B Z c W D 
k 

-mW^ A Z A + ^e Ac e BD Z A W^ B ZlW^ D 

rC 



(40) 



The BPS equations are obtained by requiring that Vd = and the vanishing condition inside 
the absolute values in the equation fl39|) . A solution to these equations is given by 

k 



W^ A = f( Xl )S A , f 2 ( Xl ) 



m 



-2mxi 



(41) 



47r 1 + e 

which also satisfies the Gauss' law ([7]) and ([8]). This solution is just the one first found in [6], 
but they obtained it in the D-term deformed theory. 

We can see that the solution (1411) keeps a half of Af = 2 supersymmetry specified by 

Q ± = Qi±iQ 2 , (42) 
6 supersymmetry. The tension of the 



while the one in [6] keeps half of the maximal M 
domain wall is evaluated as 

km 2 



T = N(N-l) 



Air 



m 2 N\ (N oo). 



(43) 



This agrees with the result fl3T|) . 

Before going to the next section, we would like to consider the reducible vacuum solutions 
discussed in (TO]. Because the BPS matrices S A for any partition of iV do satisfy the vacuum 
condition, there is a set of reducible solutions that is obtained by replacing S A by 



qA 



Ni 



(44) 



S 




Figure 1: A schematic picture of a domain wall solution. 



Here N b , {b = 1, • • • , I) satisfy J2 b=1 N b = N and Sfi are the BPS matrices in an Nj, dimensional 
representation. We will see in a later section that these vacua correspond to a set of fuzzy S 3 
shells with different values of the radius and that the potential is written as in ( 1321) . 

It is possible to capture the brane configuration corresponding to a domain wall interpolating 
between one of the reducible vacua constructed, for example, by S A = diag(S^ ; , Ojv_jvJ> Ni < N 
at xi = — oo and the irreducible vacuum with dimension N at X\ = +00. It is easy to show 
that the large- N behavior of its tension is the same as in (|43p . Following the discussion in 
(9j E], in the region x\ < 0, the configuration is interpreted as an M5-brane extending in the 
2 ) directions and wrapping an S 3 with M2-brane charge Ni while in the region X\ > 0, 
it is an M5-brane extending along the same directions and wrapping an S 3 with charge N. 
They are generically both bent and meet at a point X\ = 0. Because of charge conservation, 
another new M5-brane with charge N — Ni should exist at that point. This is a kind of brane 
junction. Because all M5-branes meet at a point, one direction should be supplemented for the 
new M5-brane. This is possible if we consider a ball B A instead of a sphere S 3 . Therefore the 
other new M5-brane is extending along the (x°, x 2 ) directions and filling a four-ball B A with its 
surface S 3 . A schematic picture is given in Fig. [TJ 



4 Effective Hamiltonian and BPS equations 

In this section, motivated by the discussion in the previous section on the spherical M5-brane at 
the vacuum, we study the effective Hamiltonian for the configuration of polarized M2-branes. 
We will see that the potential for the radius of this configuration coincides with ff29l at large 
N. Consider an ansatz 

Z A = H/tA = f{x)S A^ Z \ = W A = f(x)Sl f(x) e C, 

= a l ,(x)S B S] B , i M = ail {x)S ] B S B , a M (x) G R, (45) 

where S A are the BPS matrices. This configuration represents the M2-branes polarized into a 
fuzzy S 3 . The physical radius of the fuzzy S* 3 is given by 

R 2 = 2 -^f^\m\ 2 - (46) 

J- 1 
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Under the ansatz, the covariant derivative becomes 



D,Z A = {d,f{x)+ia,f{x))S A = {VJ(x))S J 



(47) 



while the gauge field strength satisfies 



/IV 



flV 



{dfiCiu dya^S S B — f^LuS S\. 

f of qB 

Jfj,i/ J B D ■ 



The equation of motions for and reduce to the following equation for a 

JL e ^f^ = 2i(fV»f-fV<>f). 



a" 



(48) 
(49) 



(50) 



For the case of the ansatz (SSI) , we have 



v -o dw - ( km hrA dw 



(51) 



Therefore, from the equation (fTUl) . the effective Hamiltonian for the polarized M2-branes is 
given by 



H 



2N(N-1) d 3 x 



(52) 



This is nothing but the Hamiltonian for an abelian Chern-Simons Higgs model studied in 
[T2"t Uni EI] and [TS]. Note that all the non-abelian structures in the model have been encoded 
into the overall factor N(N — 1) by the help of the BPS matrices. Although the gauge symmetry 
has been effectively reduced to the abelian symmetry, the Hamiltonian still describes N M2- 
branes. 

It is known that the abelian Chern-Simons- Higgs model with the potential given in (|52|) 
exhibits a three-dimensional Af = 2 supersymmetry [T3] and admits various class of BPS 
soliton solutions. See appendix C for the full structure of the Lagrangian including fermion 
parts. Following the analysis in [T5l . we find a Bogomol'nyi completion of the energy, 



H 



2N(N 



d 3 x 



I\f ± if j m - ^|/| 2 ) eosn ± P 2 /sinn 



+ V 1 f =FiP 2 /cosa =F / (m - j^\f\ 2 ) ^ (1 



(53) 



±B cos a =F S cos a =F P sin a ± T sin a. 
where we have used the gauge field equation of motion. Therefore we have an energy bound 

(54) 



E > 2N(N - l)V(B-S) 2 



P-T 
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Here the following quantities have been defined, 

B = ^Jd 3 xB, B = f 12 , (55) 

S = ijd 3 x [d^mf) - d 2 (fV 1 f)] , (56) 

P = Jd 3 x [V fV 2 f + V 2 fV f] , (57) 

^^(ml/l 2 -^!/! 4 ). (58) 

Here B, S, P, T are (time integrals of) the magnetic flux, the angular momentum, the linear 
momentum along x 2 direction, the tension of a domain wall. The energy bound (l54l) is saturated 
when the angle a satisfies the following condition 

B-S . T-P 

cosa = — , sma = — . (59) 

a/(B — S) 2 + (T — P) 2 a/(B — S) 2 + (T — P) 2 

The baryonic U(l) charge ( ITT]) for our ansatz is evaluated as 

Q b = 2iN{N -I) J d 2 x [fV f-fV f] . (60) 
Using the equation of motion for the gauge field, we have the relation 

Q b =~N(N-l)$, $= [d 2 xB. (61) 

ZTX J 

The Noether charge is proportional to the magnetic flux. This is a specific property of Chern- 
Simons solitons. From the Bogomol'nyi completed form of the Hamiltonian (153j) . we obtain the 
BPS equations, 

V f ±if(m- -^l/f ) cos« ± V 2 f sin a = 0, (62) 

T> x f =F %V 2 f cos a =F / — ^"l/| 2 ^ sin a = 0. (63) 

Requiring that the supersymmetry transformations ( 122]) and ( 1231) of the fermionic fields vanish 
combined with these BPS equations yields the following conditions, 

e a ± 7° /3 e /3 cos a ± i^nc sin a = 0, (64) 
T^Tafl^ sin a =F cos a + i^ 2 a(3 e p = 0, (65) 



where 7^0 are the three-dimensional 7-matrices given in appendix B. This tells us that the BPS 
equations retain a quarter of the J\f = 2 supersymmetry, specified by the effective supercharge 
(in the case cos a = 1) 

Q = Q l ±iQ 2 + iQ lT Q 2 . (66) 
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One should be careful about the above procedure deriving the BPS equations 
We first assumed an ansatz and derived the effective Hamiltonian ( 1531) which is valid only for 
the special configuration ( 1451) . There is a possibility that the BPS equations are not consistent 
with the original equations of motion. Let us check this issue. Once the equations (1621) . (l63j) 
are satisfied, we have 

P,W = m 2 /-^l/| 2 / + 3(Hf)|/r/. (67) 

This is the equation of motion (1T51) for Z A = W^ A for the ansatz (H5l) . Therefore the BPS 
equations (l6"2"j) . (103"]) are consistent with the full (second order) equations of motion for Z A , Wa- 
Note that in terms of the physical fuzzy S 3 radius R, the potential term in the equation 
( 153]) becomes 

, s An 2 NT 3 R 2 ( „ (iV-l)A;m\ 2 , . 



At large AT, this gives 



where we have used T p = (27r) p M 1 ~ L p+1 . After a trivial rescaling of i?, the result agrees with the 
potential f}2"0]) evaluated from the spherical M5-brane. Once we consider the reducible ansatz 
S A — > S , the potential is a sum of the each S§ sectors, i.e., it is given by 



V { R)^T s §(Rl-^R b ) , J>=W. (70) 

6=1 V * / b= i 

This has the same form of the potential for the M2-branes distributed over a 3-sphere ( 132|) giving 
a 3-sphere shells of M2-branes [H]. Therefore the reducible configuration can be interpreted as 
a set of Nb M2-branes polarized into fuzzy S 3 spheres with radii R^. See Fig. [2] for a schematic 
picture. 

A comment on this reducible configuration is in order. We have ignored off-block- diagonal 
parts of S to derive the equation (1701) . The result is the sum of the potentials for the radii 
Rb inside Nj, stack of M2-branes without any interactions among each stacks. Once we turn 
on the off-block-diagonal parts, it represents interactions among each stack of M2-branes and 
hence, in the dual picture, interactions among M5-branes. 



5 Solutions 

In this section, we explore solutions for the BPS equations ( |62l) . ( 163]) . Since it is difficult to 
find solutions for general cases, we focus on the simplest situations. Let us first consider the 
cos a = 1 static case. In this case (T — P) must vanish and the energy bound is given by B 
and S. The BPS equations reduce to 

»i/TflV = 0, (71) 



12 



Figure 2: A schematic picture of the reducible fuzzy S 3 shell configuration. I = 2 case. A 
number of Ni = 2, N2 = 3 M2-branes are polarized around Ri ~ and R2 ~ \fN2~. 



This is nothing but the equation (14) in [IB]- Following [12j, we now assume an ansatz 



f(r,9) = \g(r)e m \ X 



km 
IP 



g(r) e R, 



Oi(r) 



[o(r)-n] (i = 1,2), 



(73) 
(74) 



where (r, 0) are polar coordinates in the M2-brane world-volume and n is an integer. The BPS 
equations (17TT) . (172"]) reduce to 



1 



g '(r) = ^-a{r)g{r) 
r 

o'(r) 



T 2my(r)(^(r)-1). 



(75) 
(76) 



Here the prime stands for the differentiation with respect to r. Requiring a^(r) and g(r) to be 
non-singular at the origin, we obtain boundary conditions 



a(0)-n = 0, n^(0)=0. 



(77) 



On the other hand, the condition of finite energy is requiring that the scalar field settles down 
to its vacuum configuration at infinity, namely, 



g(oo) 



(symmetric phase) 

1 (broken phase). 



From the equations ( 1751) . ( 176|) . we obtain 

1 



(ln^)" + -(ln^)' + 4mV(l-^ 
r 



0. 



(7f 



(79) 



When g is small, the 0(g 4 ) term can be neglected and we can find an explicit solution 
That is given by 



9(r) 



8s 



2mr 



+ 



r 



JO) 
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Here r , s are arbitrary constants. The energy density for the ansatz (1731 and (|74p is given by 



E = / dr£, (81) 
Jo 

£ = 4nrN(N - 1)X> (faf + ^ + (^) ' + m W - D 2 ) • (82) 

The magnetic charges and angular momentum are also readily written down as 

$ = km j dra ,^ (g3) 



2 

S = 2tx\ 2 J dr{2a{x)g{x)g\x) + a\x)g 2 {x)), (84) 

and P = and T = 0. Here we have defined S = Jdt S. Considering the boundary conditions 
(CZD and (CHD, (E3) and (ED become 

$ = — — (n + a), S=-2ir\ 2 aP (85) 

where a = —a(oo) and (3 = g(oo). In the following analysis, we consider the case B < 0, which 
corresponds to choosing the plus sign in (173]) and (1741) . We will also see that S = for all the 
cases we will discuss below. Because the detailed study of the global structure of these solutions 
has been performed in |12] , we just briefly describe the solutions according to the boundary 
conditions. 



5.1 Vortices 

First consider the case of the boundary condition g(oo) = 1. For the n = case, the only 
solution is the vacuum configuration, g(r) = 1 and a(r) = 0. Thus it is just the spherical 
M5-brane discussed in section 3. For the ti ^ case, a topologically non-trivial configuration 
appears, which connects the boundaries g(0) = 0, a(0) = n and g(oo) = 1, a(oo) = 0. They are 
vortex solutions. Although, no explicit solutions of the equation for this boundary condition is 
not known, it is possible to solve it numerically. In Fig. [3] we plot g(r) and a(r) for the n = 1 
solution and its corresponding energy density. We also show the magnetic flux density in Fig. 
HI We can see that the topological charge is given by the magnetic flux $ = — ^p. As can 
be seen in Fig. El in almost all of the region of the M2-brane world-volume, the configuration 
represents the vacuum fuzzy S 3 discussed in section 3 but at the origin, there is a "dimple" 
inside which the full supersymmetry is recovered. 

5.2 Q-balls 

Next we consider the case g(oo) = and n — 0. In this case, the scalar function f(x) approaches 
the trivial vacuum and therefore all configurations are topologically trivial. The gauge field part 
a(r) starts from the boundary a(0) = and approaches some value a(oo) which characterizes 
the value of magnetic flux $. The magnetic flux is given by the U(l) Noether charge through 
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2468 10 2468 10 

Figure 3: The left figure shows the profiles of the function g{r) (solid line) and a(r) (dashed line) 
for the topological vortex with m = 1. The right figure shows the behavior of corresponding 
energy density with k = 1 and N = 2. 




12 3 4 5 6 



Figure 4: Plots of the absolute value of the magnetic flux density with k = 1 and m = 1. Solid, 
dashed, dot-dashed lines correspond to vortex, Q-ball and non-topological vortex, respectively. 



the relation (I6T1) . This kind of solution is called a Q-ball . This is a lump-like object localized 
on a ring which surrounds the origin. Around the origin, the fuzzy S 3 has non-zero radius but 
the full supersymmetry is generically broken there. This is because the value of g(r) at the 
origin need not to be the value in the vacuum. The situation is similar at infinity where the 
fuzzy sphere collapses into zero size but the gauge field has non-zero value. The plots of the 
solution and corresponding energy density are shown in Fig. [5j The behavior of the magnetic 
flux is shown in Fig. HI 

5.3 Non-topological vortices 

Here we consider the case g(oo) = and n ^ 0. The solutions in this case are hybrids of the 
previous two cases. The large distance behaviors of g(r) and a(r) are the same as those in the 
Q-ball case, while they are similar to the vortex solution around the origin. These types of 
solutions are called non-topological vortices. Again, around the origin, the supersymmetry is 
recovered. We show the plots of this type of solution for the n = 1 case, its energy density in 
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Figure 5: The left figure shows the profiles of the function g(r) (solid line) and a(r) (dashed 
line) for the Q-ball solution with m — 1. The right figure shows the behavior of corresponding 
energy density with k — 1 and N = 2. 



-3 



-i 




4 



10 



2.0 



0.5 



1.5 



1.0 




4 



10 



Figure 6: The left figure shows that the profiles of the function g(r) (solid line) and a(r) (dashed 
line) with m = 1. The right figure shows the behavior of corresponding energy density for the 
non-topological vortex with k = 1 and N = 2. 

Fig. [6] and the flux density in Fig. HI 
5.4 Gauged domain wall 

Next, let us consider cos a = 1 but non-static case. The BPS equations (J6"2"]l . (}6"5|) reduce to 




(86) 



T>ifTiV 2 f = 0. 



(87) 



Considering the upper sign in the equations and assuming the following ansatz 



f(t, x u x 2 ) = t^e-™^, cj>{ Xl ) G R, 
ao(^i) = 02(^1), ax = 0, 

the equation (}8"6"]) implies 




(89) 



a = a 2 = — </> 2 (zi). 



(90) 
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On the other hand, the equation (IHT1) reduces to 

4:71 

d x <j) - m<p + — <f = 0. (91) 
k 

The gauge field equations of motion are satisfied provided <fi satisfies the equation (I9T1) . Solutions 
of ([SI]) are 

^ = £ i±r-w (92> 

where A > is an integration constant. This solution was first found in [TS] and was there 
called a "supertube" solution. The solution which has plus sign in front of A = 1 corresponds 
to a domain wall which interpolates between 2 (— oo) = and 2 (+oo) = ^p. At Xi = +oo, it 
describes an M5-brane wrapping an S 3 while X\ = — oo, is the trivial vacuum. Although, we are 
considering the cos a = 1 case, and hence T — P = 0, each T and P have non- vanishing values. 
Indeed, the tension and the momentum for the solution are the same value T = P = ^ and 
S = 0, where T = J dx°dx 2 T and P = J dx°dx 2 P. This fact means that the domain wall 
tension is canceled by the momentum and makes it bend freely [15J. 

This solution would be interpreted as a brane configuration by following the discussion in 
section 3. In the solution, <p{xi) part corresponds to the 1/2 BPS domain wall solution fT4"Tl) . 
An M5-brane at x\ > bends and an M5-brane filling B A may appear at the origin. On the 
other hand, the phase factor e - im (*+a;2) ac ^ s as a ro tation in the 3-7, 4-8, 5-9, 6-10 plane [8]. 
This can be seen by decomposing Z A = X A+2 + iX A+6 , W^ A = X A+A + iX A+8 where the X 
and iX parts correspond to hermitian and anti-hermitian parts of the bi-fundamental scalar 
fields. Therefore, the solution can be interpreted as a configuration of the bent branes rotating 
in time and its angle also depends on X2- 



6 Conclusions and discussions 

In this paper, we investigated the ABJM model deformed by an F-term mass. The mass term 
generically breaks M = 6 maximal supersymmetry down to M = 2. A vacuum of the model 
corresponding to an irreducible representation is found to be a fuzzy S* 3 representing an M5- 
brane with topology R 1,2 x S* 3 at large- N. We find that the radius of the sphere coincides with 
the one found in [S] . The tension of the domain wall solutions is evaluated and compared with 
the result of the dual M5-brane calculation. With this observation, we identified the F-term 
mass m as the VEV of the anti-self-dual 4-form flux T4 in the eleven- dimensional supergravity 
that was introduced in [8]. Therefore the vacuum configuration can be interpreted as Myers' 
dielectric effect making N M2-branes puff up into a fuzzy sphere. 

In the latter half of this paper, we assumed a polarized M2-brane configuration. We showed 
that the mass deformed ABJM model reduces to the abelian Chern-Simons-Higgs model with 
6th power polynomial potential studied in detail by Jackiw-Lee- Weinberg [12J. The potential 
part of this effective model is just the potential for the radius of the spherical M5-brane. 
This effective model admits not only BPS topological vortices and domain walls but also non- 
topological vortices and Q-balls. We find that these BPS topological/non-topological solitons 
preserve 1/4 of the manifest M = 2 supersymmetry. Because these solutions can exist only in 
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the m^O case, these configurations are supported against collapse by the non-zero background 
flux T4. The situation is quite similar to the massive BLG model where various BPS soliton 
solutions are possible [22] . 

A comment on the number of supersymmetries is in order. In the massless ABJM model, 
SU(2) x 577(2) global symmetry together with SU{2) R symmetry gives SU(4) R ~ SO(6) R 
implying the existence of M = 6 supersymmetry. Indeed, in [I], the explicit on-shell M = 6 
supersymmetry transformation of component fields was found. Our case is similar to the 
massless ABJM model. The global SU{2) x SU(2) symmetry is broken down to SU {2)&i ag 
by the mass term. However, this SU{2) A ^ g does not commute with the remaining SU{2) R . 
These two SU(2)s are combined into an SO(4) R which would imply an enhancement of M = 2 
supersymmetry to M = 4. Presumably, this supersymmetry is enhanced to the maximal one 
since our deformation term ( [141) (together with its conjugate term) does not break the U(1) R and 
Z 2 symmetries and these are combined with the SU (2)s giving SU(2) x SU(2) x U(1) R x Z 2 
symmetry as discussed in [10J. Although we do not present it here, it would be possible to 
explicitly find the enhanced supersymmetries by the Noether method or requiring that the 
supersymmetry algebra closes. 

Another important issue is the understanding of the solution in the dual spherical M5-brane 
world-volume picture. Because our effective potential is identified with the radius potential of 
the spherical M5-brane in the presence of the anti-self-dual 4-form flux, the BPS solutions 
discussed in this paper correspond to BPS configurations of this spherical M5-brane. It seems 
possible to find these BPS configurations by promoting the constant radius r in f l2"§]) to a "field" 
r = r(xi,X2) on the M2-brane world- volume and solving the BPS equations obtained from the 
promoted spherical M5-brane action. This issue is beyond the scope of this paper and we leave 
it for future work. 

Finally, let us comment on the dimensional reduction of the ABJM model. Since the ABJM 
model describes N coincident M2-branes in eleven dimensions, once we compactify one direction 
along the M2-brane world-volume, the model should describe the low energy effective theory 
of N coincident fundamental strings (Fl) in type IIA string theory. This theory is similar to 
the matrix string theory [23] representing a polarization of the Fl due to the background flux. 
The configuration corresponding to the M2-branes polarized into the M5-brane now reduces 
to fundamental strings polarized into a D4-brane 0. The anti-self-dual 4-form flux in eleven- 
dimensions is reduced to the anti-self-dual RR 4-form flux in ten-dimensions. The multiple 
Fl is polarized into a fuzzy S 3 due to this flux. Since the potential terms both in the M5- 
brane action and the massive ABJM model do not change under the dimensional reduction, 
the discussion in section 3 holds even for the D4/F1 case implying AdS^/CFT2 duality. 

On the other hand, the effective Lagrangian for the polarized M2-branes discussed in section 
4 reduces to the one for the polarized Fl. One component of the gauge field a M becomes an 
auxiliary field after the dimensional reduction. The resultant theory is a new two dimensional 
BF-like theory. We find that this model is exactly the one studied in [25]. It was shown that 
the model exhibits M = (2, 2) supersymmetry in two-dimensions and have a BPS domain wall 
solution. It would be interesting to examine this solution in terms of brane configurations in 
ten-dimensions. 

5 A similar configuration for Fl polarized into D2 was studied in the dilute set of DO-branes having the Ff 
charge [H]. 
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A BPS matrices 

The explicit form of the BPS matrices was first constructed in [10] to find a vacuum of the 
mass deformed ABJM model. The BPS matrices satisfy the following conditions, 

S A = S B S B S A - S A S B S B , (93) 
S a —— S j^S iS 1 S qS S * A* 

The explicit form of the matrices satisfying the above conditions is given by 

{S\) mn = y/m- lS mn , {S\) mn = VN - mS m+ i >n , (95) 

S 1 S[ = diag(0, 1, 2, • • • , N - 1) = SlS 1 , (96) 

SlS 2 = diag(iV- l,JV-2,--- ,1,0), (97) 

S 2 Sl = diag(0, N — 1, N — 2, - ■ ■ , 1), (98) 

S A S A =(N-l)l NxN . (99) 

Therefore we have 

TtS a S a = TtS a S a = N{N -1). (100) 

These matrices satisfy the following relations, 

e CD S c S\S D = e AB S B , e CD SlS A S' D = -e AB Sl (101) 
e AC e CB = 5 A B , e Ac e CB = 5 A Bl e 12 = -e 12 = 1. (102) 



B J\f = 2 superfield formulation of ABJM model 

Here we briefly review the M = 2 superfield formulation of the mass-deformed ABJM model 
given in section 2. We follow the same notation as in [17]. In terms of Af = 2 superfields, the 
mass-deformed ABJM model is described by chiral superfields Z A , Wa, Za, VV a (A = 1, 2) and 
two vector superfields V, V. The chiral superfields Z a ,Wa(A = 1,2) and Za, VV a transform 
in the bi-fundamental representations (N, N) and (N, N) under U(N) x U(N), respectively. 
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They are expanded in components 

Z(x L ) = Z{x L ) + V26((x L ) + 9 2 F(x L ) } (103) 

Z{x R ) = Z\x R ) - V26(\x R ) - 9 2 F\x R ) ) (104) 

W(x L ) = W(x L ) + y/29u(x L ) + 9 2 G(x L ), (105) 

W{x R ) = W\x R ) - y/2du\x R ) - 6 2 G\x R ). (106) 

Here x^ L = x M + i{9^^9) and x R = x M —i(9~/ IJ '9), where 7^ are the three-dimensional 7-matrices 

defined by 7^ = (— 1, — a 3 , a 1 ). The vector superfields V and V transform in the adjoint 
representations (adj, 1) and (l,adj) of U(N) x U(N). The component expansion in the Wess- 
Zumino gauge is given by 

V{x) = 2i99a + 29^9A^ + V2i9 2 9 X - V2i9 2 9x + 9 2 9 2 D, (107) 

and similarly for V. The action in terms of M = 2 superfield is written by 

S = Ski n + Scs + S sp , (108) 

where 

5 kin = J d 3 xd 4 9Tr {-Z A e~ v Z A e^ - W A e^W A e v ^ , (109) 

S cs = ~J d 3 xd*9 1^ dtTi (vD a (e tv D a e- tv ) - V5 a (e^D a e"^)j , (110) 

S Bp = y(J d 3 xd 2 9W(Z,W) + j d 3 xd 2 9W(Z,W)^j , (111) 

where the superpotential is given by ffT2l . ffT3|) and (JHJ). Substituting the expressions H103[) - 
(11071) into the action and integrating over the Grassmann measure one obtains the off-shell 
component action. Further elimination of the set of auxiliary fields yields the on-shell compo- 
nent action. The equations of motion are given by 

F A = ^( 2e Ac e BD W^ B ZlW^ D - ^wA , (112) 
k \ 2tt J 

Ga= 2 -^ {-2e AC e™Z\wVtf D - ^Z^ , (113) 

N A = oZ A - Z A o , M A = aW A - W A a, (114) 
a a = ^TrT a (ZZt - W*W), a a = ^TrT a (^t Z - WW*), (115) 
x « = -^TrT a (ZC f -(JW), x a = ~^T a (CZ -Wufl). (116) 

The bosonic on-shell component action is described in (pQ), ([2D, (j3D and (jlj). 

C J\f = 2 abelian Chern-Simons-Higgs model from ABJM 

In this appendix, we see the full structure of the effective Lagrangian on polarized M2-branes. 
In addition to the ansatz for the bosonic parts (14"5T) . we consider the following fermionic ansatz, 

( A = -iuj j ' A = 7pS A , (117) 
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where ip a is a complex two component spinor. Then the effective Lagrangian corresponding to 
the ansatz Q35J), (fiTTl) is 



cff 



2N{N- 1) 



167T 



16tt 2 



47T 

T 



3|/P 



km\ 

17; 
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This result precisely gives Af = 2 supersymmetric abelian Chern-Simons-Higgs model studied 
in [T5] after suitable rescaling of variables. The M = 2 supercharge is given by 



This satisfies the relation 



7"7W-^7V/(|/| 2 -^) 



Here is the momentum operator and Z is the central charge given by 



;ii9) 



(120) 
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where e 12 = —1. The central charge corresponding to the BPS configurations in section 5 is 
easily evaluated. The result is 



km 
An 



d 2 x B. 



(122) 



This correctly reproduces the energy bound discussed in section 5. 
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